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Highly Arc Transitive Digraphs 
CHERYL E. PRAEGER 
Finite digrahs rwith a group G of automorphisms acting transitively on the set of s-arcs, for some 
s ~ 2, are investigated. For each valency v and each s ~ 2 an infinite family of finite digraphs of 
valency v which are s-arc transitive but not (s + I )-arc transitive are constructed. These examples 
are the result of a general construction given in the paper. Several classification results are proved 
and the case of G primitive on vertices is discussed. 
I. INTRODUCTION 
A (finite) digraph T consists of a finite set VT of vertices and an antisymmetric irreflexive 
relation ET s; VT x VT; the elements of ET are called the edges of r. For an integer 
s ~ I, an s-arc of Tis a sequence (lXo, IX), ••. ,lXs) of s + I vertices such that for each i = 0, 
... ,s - I, (IX;, IX; + ) is an edge. We shall be concerned here with digraphs Tsuch that some 
group G acts as a group of automorphisms of T (that is, G acts on VT and preserves the 
edge set ET) and for some s ~ I, G is transitive on the set of s-arcs of T; we shall say that 
Tis (G, s)-arc transitive, or simply that Tis s-arc transitive. 
This investigation was originally prompted by efforts of T. Ito and the author to con-
struct distance regular digraphs of large girth. The idea was to start with a (G, s)-arc 
transitive digraph T with s ~ 2, and to expand the edge set by adding to ET some other 
G-orbits in VT x V T so that the resulting set was still antisymmetric and irreflexive, and 
the resulting digraph was distance regular. This search for distance regular digraphs has so 
far proved unsuccessful, but the search for s-arc transitive digraphs produced some very 
surprising examples and classification results. Both the examples of s-arc transitive digraphs 
and the techniques for investigating them have proved to be quite different from those for 
s-arC transitive (undirected) graphs. For example it was proved by R. Weiss [I I] that the 
only finite connected 8~arc transitive graphs are cycles. We show here that for any valency 
v and any integer s ~ I there is an infinite number of finite s-arc transitive digraphs of 
valency v which are not (s + I)-arc transitive, namely the graphs Cr(v, r - s) for r ~ 3, 
which we shall define in Section 2. We shall see in that section that these and many other 
highly arc transitive digraphs are based on a directed cycle. This involves, for a connected 
(G, s)-arc transitive digraph, a consideration of the subgroup G* of G generated by all the 
vertex stabilizers. We show that the quotient group GIG * is cyclic and, if this quotient has 
order greater than 2, then the corresponding quotient digraph is a directed cycle. The 
digraphs C(v, t) are obtained by a general construction method suggested by our investi-
gations of this subgroup G *. We also obtain here a group theoretic characterization of the 
digraphs C(v, t) when v is a prime. 
We next consider the small normal subgroups of G, and show in Section 3 that the only 
connected (G, 2)-arc transitive digraphs T for which G has a normal subgroup acting 
regularly on vertices are the directed cycles T = Cr. We show that, for a (G, s)-arc transitive 
digraph T, a normal subgroup N of G with more than two orbits on vertices is associated 
with a quotient digraph TN which is also (G, s)-arc transitive. Thus we say that Tis 
G-irreducible if each non-trivial normal subgroup of G has at most two orbits on vertices. 
We show that the only connected G-irreducible (G, 3)-arc transitive digraphs, with G a 
soluble group, are the directed cycles C" where r = 4 or r is prime. 
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In Section 4 we consider (G, s)-arc transitive digraphs Twhere G is primitive on vertices. 
Apart from the directed cycles of prime length, G must be either an almost simple group 
or a primitive subgroup of a wreath product H wr Sm in product action on VT = vm. We 
suspect that in the latter case H must be almost simple and act 2-arc transitively on a 
digraph .Ewith vertex set V such that T = E"; this is shown to be the case if Tis (G, 3)-arc 
transitive. 
2. THE SUBGROUP G* AND A GENERAL CONSTRUCTION 
Let Tbe a finite (G, s)-arc transitive digraph for some s ~ 1. We shall assume that Tis 
connected; that is, the underlying undirected graph (with {a, P} an edge if either (a, p) or 
(P, a) is an edge of T) is connected. By [6, Lemma 2] Tis then strongly connected; that is, 
for all a, p E VTthere is at-arc (ao, ... , at) with ao = a and at = P for some t. Now define 
G* = <Gola E V T). 
Then G* is a normal subgroup of G. In the case of connected (G, I)-arc transitive 
(undirected) graphs, G* is easily shown to have index at most 2 in G. This need not be the 
case for digraphs, as we see below, but the quotient G/G* must always be cyclic. 
PROPOSITION 2.1. Let T be a connected (G, I)-arc transitive digraph. Then G/G* ~ Z, 
for some r dividing the girth of r, and if r ~ 3 then the quotient digraph 1;;. is a directed cycle 
Cr· 
(Here the girth of Tis the least positive integer g for which there is a g-arc (ao, ... ,ag ) with 
ao = ago For a normal subgroup N of G the quotient digraph TN is defined as the digraph 
with vertices the N-orbits in VT such that (a, b) is an edge, for N-orbits a and b, if there 
is some a E a and P E b with (a, p) an edge in 1. We shall use the notation I; (a) = 
{PI (a, p) E ET} and I;'(a) = {yl(y, a) E ET} for a E V1.) 
PROOF. Suppose that G* has r orbits in V1. Then as Go < G* <J G we have I G : G* I = r, 
and we may assume that r ~ 3. Let.E = {bo, b l , ... , b'_I} be the set of G*-orbits and let 
a E boo Now Go is transitive on I; (a) so that, as Go s G*, I; (a) is contained in one of the 
bi' Now TI (a) is not in bo as then, by connectivity, we would have bo = VTand r = 1. Thus 
I; (a) S b l , say, and there are no edges between two points in the same bi' Further, as G* 
is transitive on bo, I;(a) s b l for all a E boo Thus the quotient digraph 1;;. is connected of 
valency I and so is the directed cycle C,. 0 
Next we look at three equivalence relations on VT which correspond to G-invariant 
partitions of Vr, are finer than the G-invariant partition given by the G*-orbits, and often 
yield more information about the structure of 1. The relations A and Bon VTare defined, 
for a, P E Vr, by 
(a, p) E A iff I;(a) = I; (P) and (a, P) E B iff F;'(a) = F;'(P) 
and we define C = A n B. Then A, B, C are all G-invariant equivalence relations, and we 
define the quotient digraphs TD , for DE {A, B, C}, to have as vertices the equivalence 
classes of D with (d l , d2 ) an edge of To if for some a l E d l and a2 E d2 , (aI' az) is an edge 
of 1. By the definitions of A, Band C it is clear that the edge set of To is anti symmetric for 
each D E {A, B, C}. 
PROPOSITION 2.2. Let Tbe a connected(G, s)-arc transitive digraph,for some s ~ 1. Then 
the quotient digraphs ~, ~, Te defined above are all connected and (G, s)-arc transitive. 
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PROOF. Clearly ~, ~, Fe are connected. Let (ao, a), ... , as) be an s-arc in ~. Then, 
for some lXo E ao and IX) E a), (lXo, IX)) is an edge of r. Since (a), a2) is an edge of ~, for some 
IX; E a) and 1X2 E a2, (IX;, 1X2) is an edge and by the definition of A, (IX), 1X2) is also an edge. 
Continuing, we find IX; E a; for 0 ~ i ~ s such that (lXo, IX), ... , IXs) is an s-arc in r. Then, 
as G is transitive on s-arcs in F, G is transitive on s-arcs in ~. Exactly the same argument 
works for Fe and a similar argument works for ~. 0 
If equivalence classes of C have size c then F is isomorphic to the lexicographic product 
of Fe with a set of c isolated vertices (see Definition 2.3 below) so F is determined by Fe. 
It is not always possible to recover Ffrom ~ or ~. (We note that ~ and ~ can both be 
regarded as quotients of Fe, and so the problem of recovering F from ~ or ~ can be 
reduced to the case where C-classes have size 1.) Let F and ~ have valencies v and VA 
respectively. If (a, b) is an edge of ~ with IX E a and f3 E b such that (IX, (3) E EF then 
a ~ it' (f3) so that the A-classes have size at most I F)'(f3) I = v. Also, b contains exactly v/v A 
points of I; (IX). If the A-classes have size v then we can reconstruct F from ~ as follows. 
(It is not clear how to reconstruct Fin other cases.) For each A-class a, define a bijection 
<P. : "ZVA -+ r;(a), then define a digraph l: with vertex set V~ x "ZVA X "ZV/VA and with 
((a), x), y)), (a2' x2, Y2)) an edge ifand only if (a), a2) is an edge of ~ and a) = x2<Paz· Then 
l:is seen to be isomorphic to Fas follows: for IX E V Fin an A-class a we have I;'(IX) = b, 
another A-class, since A-classes have size v. The set c = {IX' I I;'(IX') = b} ~ a is the C-class 
containing IX and has size v/v A' We label c as (a, x), where x<P. = b and, choosing an 
artibrary correspondence between c and "ZV/VA' we label IX as (a, x, y), where IX corresponds 
to y. With this labelling of vertices of Fwe have F = 1:. In this representation the A-class 
containing (a, x, y) is {a} x "ZVA x "ZV/VA so, clearly, the quotient digraph l:A corresponds 
to ~. Also, the C-classes have size v/v A, so if we assume that C-classes have size 1 then the 
vertex set of l: can be taken as V ~ x "Zv. In a similar manner, F can be recovered from 
~ if the B-classes have size v. This reasoning suggests the following digraph constructions. 
DEFINITION 2.3. Let l: be a regular digraph of valency v and let X be a set of v elements: 
(a) Define the lexicographic product of l: with a set U of u isolated vertices, where u ~ 1, 
to be the digraph LP(l:, u) with vertex set Vl: x U and with ((0"), x)), (0"2, x2)) an edge if 
and only if (0"), 0"2) is an edge of l:. 
(b) Define for each vertex 0" of l: a bijection <Pu : X -+ l:'(O") and let <P denote the map 
0" 1--+ <Pu. Define the A-product of"L with respect to <p to be the digraph A(l:, <p) with vertex 
set Vl: x X and with ((0"), x)), (0"2' x2)) an edge if and only if (0"),0-2) is an edge of l: and 
0") = X2<PU2' 
(c) Define for each vertex 0" of l: a bijection 1/1 U : X -+ l:( 0") and let 1/1 denote the map 0" 1--+ 1/1 U' 
Define the B-product of l: with respect to 1/1 to be the digraph B(l:, 1/1) with vertex set 
Vl: x X with ((O"b x)), (0"2' x2)) an edge if and only if (0"),0"2) is an edge of l: and 
x)I/IUj = 0"2. 
The lexicographic product construction defined above is analogous to a similar construc-
tion for undirected graphs. It was introduced for digraphs by Lam [4, Theorem 2.2], and 
Damerall [3, p. 50] in connection with distance transitive digraphs. 
It is clear from the above discussion that, for a connected (G, I)-arc transitive digraph 
F of valency v such that the A-classes have size v and the C-classes have size 1, F is 
isomorphic to the A-product A(~, <p) of ~ with respect to some <p. 
Although the maps <p and 1/1 were used in the definition of the A -product and B-product, 
the resulting digraphs are, up to isomorphism, independent of <p and 1/1 respectively: for the 
map A(l:, <p') -+ A(l:, <p) given by (0", x) 1--+ (0", x<p~<p;)) and the map B(l:, 1/1') -+ B(l:, 1/1) 
given by (0", x) 1--+ (0", xl/l~I/I;)) are digraph isomorphisms. Therefore, when appropriate, we 
shall speak of the A-product and the B-product of a digraph without reference to the maps 
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<P and t/J . Further, the A-product and the B-product of a digraph Emay be isomorphic. This 
is the case for Cayley digraphs: for a non-empty subset X of a group H the Cayley digraph 
E = E(H, X) is defined to be the digraph with vertex set H and with edge set EE = 
{(h, xh)lh E H, x E X}. The edge set EEis anti symmetric provided that X n X-I is empty, 
where X-I = {x-'Ix EX}, E is regular of valency lXI, and E is connected whenever X is 
a generating set for H. Also, E admits as an automorphism group the semidirect product 
H. (AutHh, where H acts by right translation and the set stabilizer (AutHh of X in the 
automorphism group of H acts by conjugation; in particular, (Aut Hh acts transitively on 
X by conjugation if and only if E(H, X) is (H. (Aut Hh, I)-arc transitive. 
PROPOSITION 2.4. Suppose that E= E(H, X) is a Cayley digraph. Then the A-product 
and the B-product of E are isomorphic. 
PROOF. For A(E, <p) and B(E, t/J) let the maps <Ph: X -+ E'(h) and t/Jh : X -+ E(h) be given 
by X<Ph = x-'h and Xt/Jh = xh, and denote vertices of A(E, <p) and B(E, t/J) by (h , x) and 
[h, x] respectively. Then, for some distinguished element y of X the map (h, x) f-+ [x - ' h y, x], 
for hE H, x E X, is an isomorphism from A(E, <p) to B(E, t/J) . (For «h" x,), (h2' x2» is an 
edge of A(E, <p) ifand only ifh, = X2<Ph2 = Xi' h2 and ([x I ' h, y, xd, [xi'h2y, X2]) is an edge 
of B(E, t/J) if and only if Xi' h2 y = x, t/JxilhlY = h,y; that is, if and only if h, = Xi' h2' ) 
o 
It is not known whether the A-product and the B-product of a regular digraph E are 
always isomorphic, but this seems very unlikely. If Eis (G, s)-arc transitive for s ~ 2 it turns 
out that the A-product and B-product of E are both (G, s - I)-arc transitive. 
PROPOSITION 2.5. Suppose that Eis a connected (G, s)-arc transitive digraph of valency 
v and girth g: 
(a) The digraph LP(E, u) has valency uv, is connected, and is (Su wr G, s')-arc transitive, 
wheres' = min{s,g - I} and,ifVE = {O'" ... ,un}, thenSu wr G = {-rgl-r E S;,g E G} 
acts on vertices of LP(E, u) by 
(0'; , xyg = (0'7, X'i). 
(b) The digraph r = A(E, <p) has valency v , is connected, and if s > I, is (G, s - I)-arc 
transitive, where g E G acts on VA(E, <p) by 
(0', x)E = (u8, x<p~g<p~'). 
Moreover, the digraphs ~ and ~ are both isomorphic to E. 
(c) The digraph r = B(E, t/J) has valency v, is connected and, if s > I, is (G, s-I)-arc 
transitive, where g E G acts on VB(E, t/J) by 
(0' , x )g = (O'g, Xt/J~gt/J~I) . 
Moreover, the digraphs ~ and ~ are both isomorphic to E. 
PROOF. It is straightforward to show that Su wr G acts s'-arc transitively on LP(E, u) , 
and that LP(E, u) has valency uv and is connected. Also, r = A(E, <p) clearly has valency 
v and is connected, and the definition of (0', xf gives an action of G on Vr. Now G preserves 
adjacency in r, for if «0'" XI), (0'2, x2» is an edge and g E G then (of, oi) is an edge of E 
and (X2<P(J2g<P~~)<P(J2g = (X2<P~2 )g = of, so that «0'1' x ,f , (0'2' X2)g) is an edge. Now let 
(I = «0'0' xo), ... , (Us _I, xs_I» and iX = «ao, Yo), .. . , (lXs _ I , Ys- I» be two (s - I)-arcs 
in r. Then we may extend each to an s-arc, say, «(I, (us> xs» and (iX, (IX" ys». By the definition 
of adjacency, 0';+ , = x;<PfJi andlX;+ 1 = y; <P.i for i = 0, . .. , s - I. AsEis(G,s)-transitive 
there is some g in G such that O';g = IX; for each i = 0, . . . , s. Then, for i = 0 , ... ,s - I, 
we have X; <PfJig<P;;'~ ~ 0';+ ,g<p;; , = IX; + , <p;; ' = y;, so that (0';, x;)g = (IX;, yJ. Thus aK = iX, 
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and A(1:', ¢) is (G, s - I)-arc transitive. Finally, the A-class containing (cr, x) is {cr} x X 
and the map sending {cr} x X to cr is an isomorphism of ~ with 1:'; on the other hand, the 
B-class containing (cr, x) is {(a, y)1 (X¢" , a) is an edge of 1:' and y = X¢,,¢;I}, and the map 
associating this class with the vertex x¢" of 1:' is an isomorphism of Tn and 1:'. The proof 
of part (c) is similar and is omitted. 
Next we define a class of digraphs Cr(v, s), where v ~ 2, r ~ 3, s ~ 1, and show that 
these digraphs could have been constructed by successive applications of the lexicographic 
product, A-product or B-product construction to 1:' = Cr. We show that Cr(v, r - s), for 
1 ~ s < r, is s-arc transitive of valency v but not (s + I)-arc transitive, so that for each 
valency v we have an infinite number of s-arc transitive digraphs which are not (s + I)-arc 
transitive. 
DEFINITION 2.6. Let v ~ 2, r ~ 3 and s ~ 1 be integers. Define Cr(v, s) to be the 
digraph with vertex set 7Lr x 7L~ with «i, x), (j, y)) an edge, for x = (XI, ... , x,) and 
y = (YI, . .. , y,) E 7L~, if and only if} = i + 1 and y = (YI, XI'···' Xs-I). 
REMARK 2.7. These digraphs are directed versions of the (undirected) graphs C(v, r, s) 
defined in [10] (and see also [8]). The adjacency relation given here is equivalent to but 
appears to be simpler than that given in [10]; viewing these graphs as digraphs has led to 
a better understanding and a simpler definition of them. (If one applies to the vertices of 
C(v, r, s) the mapping (i, x) H (i, x') where, for 1 ~ k ~ (s + 1 )/2, x~ = X,-2k+2 and for 
o ~ k < (s - 1 )/2, X;-k = X s -2k-l, then the adjacency relation given in [10] becomes the 
one in Definition 2.6 above modulo directing the edges.) 
THEOREM 2.8. (a) The digraphs Cr(v, s),Jor r ~ 3, v ~ 2, s ~ 1, have valency v and are 
connected. 
(b) The digraph Cr(v, 1) = LP(C, v) and, for s ~ 2, C(v, s) ~ A(Cr(v, s - 1), ¢) ~ 
B(Cr(v, s - 1), IjJ) where,for cr = (i, x) E VCr(v, s - 1), ¢" and IjJ" are given by 
Y¢" = (i - 1, X 2, ••• ,X,-I, y) 
and 
yIjJ" = (i + 1, y, XI' ... ,xs- 2)· 
(c) For all s ~ 1, the digraph Cr(v, s) has automorphism group G = Sv wr Zr and for 
~ s < r the digraph Cr(v, r - s) is (G, s)-arc transitive but not (G, s + I)-arc transitive. 
PROOF. (a) Let r = Cr(v,s).ThenI;(i,x) = {(i + I,y,x" ... ,xs _dIYE7Lv }sothat 
r has valency v. The connectivity of r will follow from part (b) and Proposition 2.5. 
(b) Clearly, Cr(v, 1) = LP(C" v). Suppose s ~ 2 and ¢ is defined as above. In 
A(Cr(v, s - 1), ¢), if cr = (i, XI, ... ,xs_I ) and cr' are vertices of Cr(v, s - 1), then 
«cr', y'), (cr, y)) is an. edge if and only if (cr', cr) is an edge of Cr(v, s - 1) and 
cr' = y¢" = (i - I,x2, ... ,xs_"y).Ifwewritevertices(cr,y)as(i,x" ... ,xs_"y)then 
it is clear that A(Cr(v, s - 1), ¢) ~ Cr(v, s). The proof that B(Cr(v, s - 1), IjJ) ~ C(v, s) 
is similar and is omitted. 
(c) By Proposition 2.5(a), G = Sv wr Zr is transitive on (r - I)-arcs of Cr(v, 1) and, by 
Proposition 2.5(b) and part (b) above, it follows that Cr(v, r - s) is (G, s)-arc transitive for 
1 ~ s < r. To see that G is not transitive on (s + I)-arcs of Cr(v, r - s) we note that the 
stabilizer in G of the s-arc (1 = «0, 0), ... , (s, 0)) is S;_I and this group is not transitive 
on the set of (s + 1 )-arcs {«(1, (s + 1, y, 0, ... , 0))1 Y E 7Lv } which have initial segment (1. 
Finally, we must show that G is equal to the full automorphism group Aut r of r = Cr(v, s) 
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for all s ~ 1. We do this by induction on s ~ 1. For s = I, the A-class containing (i, x) 
is {i} x Zv and, as Aut r permutes the A -classes and acts as a group of automorphisms 
of ~ = C" it is easy to see that Aut r = G. For s ~ 2, if we set r = C,(v, s), then by 
part (b) and Proposition 2.5, ~ = Cr(v, s - I). Thus Aut r induces a subgroup of 
Aut Cr ( v, s - I) in its action on ~ ; let K be the kernel of this action. Then, for each k E K 
and each vertex a = (i, XI' ... , xs), ak lies in the same A-class as a; that is, ak = 
(i, x" ... 'Xs_" y)for some y. Nowa = (i - 1, X2" .. ,X" 0) E I;'(a), and so ak E I;'(ak ) 
and ak = (i - 1, X2' ... ,X" z) for some z. It follows that y = Xs and hence that k = 1. 
Thus Aut racts faithfully on ~ and so we have G ~ Aut r::5 Aut ~ which, by induction, 
is Sv wr Zr. Thus G = Aut r. 0 
We could construct different graphs from the Cr(v, s) by using the lexicographic product 
at various stages in the construction instead of at the first stage only. The class Cr(v, s), 
when v is prime and s < r, turns out to be the only class of (G, I)-arc transitive digraphs 
such that G has an abelian normal subgroup M which is not semiregular on vertices (that 
is, some non-trivial element of M fixes a vertex). 
THEOREM 2.9. Let r be a connected (G, s)-arc transitive digraph of prime valency p, where 
s ~ 1, and suppose that G has an abelian normal subgroup M which is not semiregular on 
vertices. Then r = Cr(p, t) where r = IG:G"'I ~ 3, and 1 ~ t ~ r - s. 
For the proof we could make references to [10], but the present treatment is much simpler 
and we prefer to give a self-contained proof here. 
PROOF. For some a E vr we have M, # I, and since r is connected M, must act 
non-trivially on I; (a). Since p = 1I;(a)1 is prime and G is transitive on I-arcs of r, the 
stabilizer G, is primitive on I; (a) and hence M. is transitive on I; (a) (see [12, 8.8]). Thus 
M, contains an element of order p and so the subgroup of M generated by all its elements 
of order p is an elementary abelian normal p-subgroup, not semi regular on vr. Thus we 
may assume that M is an elementary abelian normal p-subgroup and is minimal with 
respect to being non-semiregular on Vr. Let A" ... , Ar be the M-orbits in Vr. By [12, 4.4] 
M acts regularly on each of its orbits, so for a; E A;, M; = M,; fixes A; pointwise. Since M 
is not semi regular, r > 1. If r = 2 then, by the minimality of M, M = M, M 2. Now M, 
is transitive on I; (a,) £; A2 and, as M2 fixes A2 pointwise, I; (a) is an orbit of M; that is, 
A2 = I;(a,) has size p. It follows that ris an undirected complete bipartite graph Kp•p , 
which is a contradiction. Thus r ~ 3, and by a similar proof to that of Proposition 2.1, the 
quotient digraph r M with vertices {A" ... , Ar} is c,. Now, for a E Vr, (G* n M). = 
G* n M n G, = M, # 1 and so, by the minimality of M, we have M = G* n M £; G*. 
On the other hand, the kernel of G on rM contains G, and hence contains G*, so that M 
and G* have the same orbits. Thus GIG* = Zr and rM = Tcr •. We prove the theorem by 
induction on the size of Vr. Clearly, IVrl = rl A,I ~ 3p and if IVrl = 3p it is easy to see 
that r = C3(p, 1). So we assume inductively that I Vrl > 3p, and the theorem is true for 
smaller digraphs. 
Next we consider ~, which by Proposition 2.2 is a connected (G, s)-arc transitive 
digraph. Let a, E A,. We may suppose, since r M = C" that I; (a,) £; A2 and let a2 E I; (aJ. 
Then r, (a,) is an M,-orbit in A2 and l;'(a2) is an Mrorbit in A,. Further, the A-class a, 
containing a, is easily seen to be l;'(r:x2) of size p, and, in ~, a, is adjacent to precisely those 
A-classes containing points of I; (a,). We may assume that I; (r:x2) £; A3 ; let a3 E I; (a2 ). 
Then r(a3 ) = a2 is an M 3-orbit and is the A-class containing a2. Ifa2 = I;(a,) then ~ 
has valency 1 and hence is a cycle; as the kernel of G on ~ then contains G* and hence 
contains M it follows that ~ = Cr. From the discussion following Proposition 2.2 it 
follows that r = LP(~, p) = C,(p, 1). So assume now that a2 # I;(a,). Then, as M, is 
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primitive on F;(a,) and is transitive on the set of A-classes that intersect [7(a,), it follows 
that a2 n [7(a,) = {a2 } and hence that ~ has valency p . Further, the setwise stabilizer of 
a, in Mis MIM2 and this group does not fix a2 so ~, G, M satisfy the conditions of the 
theorem and, by induction, ~ = C,(p, t) for some I ~ t ~ r - s. By the discussion 
following Proposition 2.2 and Definition 2.3, since the A-classes have size p, Tis isomorphic 
to the A-product A(~, 41) for some 41. Up to isomorphism A(~, 41) is independent of 41 
so we may take, for a = (i, XI, . .. ,x,) E V~, 41.: 7Lv -+ ~'(a) to be the map y41. = (i - I, 
X2, ... , x" y). Then, by Theorem 2.8(b), it follows that T is isomorphic to 
C,(p, t + I); by Theorem 2.8(c) we must have t + I ~ r - s since Tis s-arc transitive. 
Thus Theorem 2.9 is proved. 0 
Finally in this section, we give an example of another class of s-arc transitive digraphs 
with s unbounded. These digraphs are related to the digraphs C,(v, s) but cannot be 
constructed by means of the lexicographic product, A-product, and B-product construc-
tions alone. Observe that in C,(v, s) the set of edges falls into disjoint induced sub-digraphs, 
each with underlying undirected subgraph a complete bipartite graph K".v; namely the 
induced sub-digraphs on the subsets of vertices of the form {(i, x, y) lYE 7Lv } u {(i + I, 
Z, x)lz E 7Lv } for some i E 7L, and x E 7L~-1. Our construction is based on a I-arc transitive 
(undirected) graph L1 on v vertices. Associated with L1 is a digraph L1. 2 with vertex set 
VL1 x 7L2 and edges «15" 0), (152, I» whenever {b" b2} is an edge of L1. We shall construct 
digraphs such that the edges fall into disjoint induced sub-digraphs, each isomorphic to 
L1.2. 
DEFINITION 2.10. Let v ~ 2 and s ~ 3 be integers and let r be a multiple of s. Let L1 be 
an (undirected) (H, I)-arc transitive graph with vertex set 7Lv . Define C,(v, s; L1) to be the 
digraph with vertex set 7L, x 7L~ and with «i, x), (j, y» an edge, where x = (XI' ... , x,.) 
and y = (YI, ... ,y,), if and only if j = i + I and y = (YI, XI' ... ,X,_I) with 
YI ~ L11 (xs)· 
PROPOSITION 2.11. The digraph T = C,(v, s; L1) is (G, s)-arc transitive, where G = 
H'i. Z,. Moreover, if L1 is connected and is not bipartite then T is connected. 
PROOF. We write vertices of Tas (i, x) = (i, XI, ... ,xs ). Clearly, the map (J defined 
by (i, xt = (i + I, x) is an automorphism. For each k = I, .. . , s and for each h E H 
define the map t/I(h, k) by (i, X)y,(h.k) = (i, ... ,X!-b ... ). (That is, apply h to the (i - k)-
entry of x, regarded as a vertex of L1, where i - k is taken modulo s.) We claim that 
t/I(h, k) is an automorphism of T: an edge (a, P) of T is of the form a = (i, x), P = 
(i + I, y) with Yi+1 = Xi for i = I, ... , s - I and YI E L11 (xs). There is a unique integer 
j == i - k(mods) with I ~ j ~ s. If j < s then ay,(h.k) = (i, ... , x1, ... ) and Py,(h.k) = 
( . I h ) d ( P)y,(h.k)· d f r. S· '1 I 'f' - h y,(h.k)_ I + , ... , Yj+I, .. . ,an so a, IS an e ge 0 . Iml ar y, I } - s t en a -
(i, ... , X;) and Py,(h.k) = (i + I, y~, . .. ), and as y~ E L1, (X;) again (a, P)y,(h.k) is an edge. 
Thus t/I(h, k) is an automorphism. It is easily checked that for each k the set H(k) = 
{t/I(h, k)lh E H} is a group isomorphic to H under the map t/I(h, k) H h, and that the group 
<t/I(h, k)lh E H, I ~ k ~ s) is the direct product H(l) x . .. x H(s) = HS • This group 
is normalized by (J.Set G = (H(l) x ... x H(s».<(J) = HS.Z,.Clearly,Gistransitive 
on VT and the stabilizer of a = (1,0) is Go = {t/I(h, k)lh E Ho, I ~ k ~ s} = Ho = 
H(l)o x ... x H(s)o, where Ho is the stabilizer ofO. It is straightforward to check that Go 
is transitive on the set of s-arcs beginning at a, and hence that Tis (G, s)-arc transitive. (For 
example, the I-arcs beginning at a are (a, (2, y, 0», where Y E L11(0) and H(1)o acts 
transitively on them while H(2)o x ... x H(s)o fixes each of them.) 
Suppose now that L1 is connected and is not bipartite and consider the connected 
component f' of T containing (0, 0). By [6, Lemma 2], f'is a connected component of the 
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underlying undirected graph. Then, for each y E 7Lv there is a path in .1 of even length from 
° to y, and hence the point (0, 0, ... ,0, y) lies in ['(since for (0, x, z) a 2-arc in.1 we have 
edges «0, 0, 0), (1, x, 0» and «0, 0, z), (I, x, 0» in r, and so (0, 0, z) E ['). A similar 
argument shows that ['contains {OJ x 7L~ and hence that [' = Vr. Thus Tis connected. 
REMARKS 2.12. This construction gives many new examples of highly arc transitive 
digraphs. For example, taking .1 as an undirected cycle of length v we obtain a class of 
digraphs Cr(v, s; Cv ) of valency 2. We could, of course, combine this construction with those 
given in Definition 2.3. It is not clear how typical these examples are of (G, s)-arc transitive 
digraphs with given r = IG:G*I. 
We note that in C,(v, s; .1) the A-class containing (0, 0) is {CO, y, 0, ... , 0)1.11(0) 
.11 (yn, so very often the A-classes are singletons. 
3. NORMAL SUBGROUPS 
Let T be a connected (G, s)-arc transitive digraph for some s ~ 1. In this section we 
study the nature of (small) normal subgroups N of G. We begin by showing that, if s ~ 2, 
the only examples of T for which N can be regular on vertices are the directed cycles. 
THEOREM 3.1. Suppose that T is a connected (G, 2)-arc transitive digraph and that G has 
a normal subgroup N which acts regularly on vertices. Then T is a directed cycle (and G / N 
is cyclic). 
PROOF. Assume to the contrary that T has valency v ~ 2. We identify VT with N so 
that N acts by right multiplication and, for x E Nand i ~ 1, we denote by I;(x) the set of 
vertices at distance i from x (where the distance d(x, y) from x to y is the least integer i such 
that there is an i-arc (xo, ... , xJ with Xo = x and Xi = y). 
Let x E I; (J). Then as G is transitive on 2-arcs we must have G1 n Gx transitive on the 
set (of size v ~ 2) of 2-arcs of the form (I, x, y) for some y E I; (x). Translating the edge 
(1, x) by x E Nwe see that (x, x 2 ) is an edge; that is, (I, x, x 2 ) is a 2-arc. Now G1 acts by 
conjugation on VT(identified with N) and so G1 n Gx fixes x2 ; that is, G1 n Gx fixes the 
2-arc (1, x, x2 ). This contradicts the fact that G is transitive on 2-arcs. 0 
As a contrast to this result we show that each normal subgroup N of G with more than 
2 orbits on vertices corresponds to a connected (G, s)-arc transitive quotient digraph TN. 
LEMMA 3.2. Let T be a connected (G, s)-arc transitive digraph, where s ~ 1, and let N be 
a normal subgroup ofG with more than two orbits in Vr. Let TN be the quotient digraph with 
vertices the N-orbits in VT and with (a, b) and edge, where a and hare N-orbits, if and only 
if, for some a E a and f3 E b, (a, f3) is an edge of r. Then TN is connected and G is transitive 
on the set of s-arcs of TN. Also, if s ~ 2 then the edge set of TN is antisymmetric, so that r" 
is a genuine digraph. 
PROOF. Clearly, TN is connected since Tis. Let (ao, ... , as) be an s-arc in TN so that 
there are vertices ai E ai and a;+1 E a i + 1 such that (ai' a;+I) is an edge for i = 0, ... ,s - 1. 
Since N is transitive on each of the ai we may assume that ai = a; for i = 1, ... , s - 1. 
Then, setting as = a;, we have an s-arc (ao, ... , as) in r. As G is transitive on the s-arcs 
of Tit follows that G is transitive on the s-arcs of TN. Finally, we must show that the edge 
set of TN is antisymmetric if s ~ 2. Suppose to the contrary that s ~ 2 and that (a, b) and 
(b, a) are both edges of TN. Then there are vertices a, a' E a and f3, f3' E b such that (a, f3) 
and (f3', a') are edges of r. Since N is transitive on a we may assume that a = a'. Then 
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(13', IX, 13) is a 2-arc of r and as Gp'" is transitive on the set of 2-arcs beginning with (/3', IX) 
it follows that 1; (IX) ~ b. Similarly, 1; (IX') ~ b for all IX' E a and 1; (13) ~ a for all 13 E b; 
since r is connected this means that N has only two orbits, which is a contradiction. 
It is possible for the edge set of rN to be undirected if s = 1. Consider r = C4(2, 1) = 
LP(C4 , 2) with vertex set 1"4 x 1"2 and edges «i, x), (i + 1, y» for i E 1"4 and x, y E 1"2' The 
full automorphism group A of ris 1"2 wr 1"4 = 1"~. Z4 where, for t = (tl' ... , t4) E 1"~, (i, 
x)t = (i, x + tJ and Z4 = <0), where (i, xt = (i + 1, x). Now A has a subgroup 
G = <(1, t = (1,0, 1, 0» ~ Z? • Z4 which acts transitively on the I-arcs of r, G has a 
normal subgroup N = <(12(1, 1, 1, 1,» ~ Z2 which has 4 orbits of length 2 in vr, and rN 
is an undirected cycle of length 4 on which G acts as Ds with kernel N. 
We shall say that ris G-irreducible if each non-trivial normal subgroup of G has at most 
two orbits on vertices. It follows from Lemma 3.2 that for s ~ 2 each connected (G, s)-arc 
transitive digraph has a connected G-irreducible (G, s)-arc transitive quotient digraph 
(corresponding to a normal subgroup of G). Thus a preliminary step in determining all s-arc 
transitive digraphs may be the determination of the irreducible ones. We shall achieve this 
in the case where s ~ 3 and G is soluble. First we look at the case where G has a normal 
subgroup with relatively few orbits on vertices. 
THEOREM 3.3. Let r be a connected (G, s)-arc transitive digraph, where s ~ 1, and 
suppose that some normal subgroup N of G has t orbits in Vr. 
(a) if 3 ~ t ~ s then the quotient digraph rN is the directed cycle C,; 
(b) if 1 ~ t < sand N is semiregular on vertices then r is a directed cycle of length a multiple 
oft. 
PROOF. Suppose first that t ~ 3 and consider the quotient digraph rN. Since rN has 
t ~ s vertices it contains a cycle (30, ai' ... , ag ) (with ao = ag ) of length g ~ s. Then, as 
in the proof of Lemma 3.2, there are vertices lXi E ai for i = 0, ... ,g such that (1X0, ... , IXg) 
is a g-arc in r. Now the stabilizer in G of (1X0, ... , IXg _ l) fixes ao setwise, and is transitive 
on r;(lXg_ l) (since g - 1 < s). Since1;(lXg_ l) (') 30 contains IXg it follows that 1;(lXg _ l ) ~ 30 
and hence rN has valency 1. Thus rN = C,. 
Now suppose that 1 ~ t < sand N is semiregular. If t = 1 then r is a directed cycle 
by Theorem 3.1 so suppose that t ~ 2. Let the N-orbits be ai' ... ,a,. If t ~ 3 we may 
assume that (ai' ai+d for i = 1, ... ,t - 1 and (a" al) are edges in rN' Then for all t ~ 2 
there are vertices lXi E ai for i = 1, ... , t such that ~ = (lXI, ... , IX,) is a (t - I)-arc in r. 
Since N acts regularly on each ai we can identify ai with N so that N acts by right 
multiplication and lXi corresponds to the identity of N. We write xli) for the element of ai 
corresponding to x EN. Thus ~ = (I(!), ... , 1('». Let X(I) E 1; (IX,). Then translating the 
edge (1 (I), 1 (2» by x E N it follows that fJ = (I (I), ••• , 1 (t), x(l), X(2» is a (t + I)-arc in r. 
Now the stabilizer H of ~ in G acts by conjugation on ai for each i, and so the stabilizer of 
(1(1), ... , I(t), x(l» is the centralizer CH(x) of x in H. Now CH(x) fixes the (t + I)-arc fJ and 
also CH(x) is transitive on the set of (t + I)-arcs beginning with (1(1), ... , 1(t), x(!» 
(since ris transitive on arcs oflength t + 1 ~ s). It follows that rhas valency 1 and hence 
that r is a directed cycle. 0 
Now we consider connected (G, 3)-arc transitive digraphs with G soluble. That the only 
G-irreducible ones are directed cycles is an immediate corollary of the following result. 
THEOREM 3.4. Let r be a connected G-irreducible (G, 3)-arc transitive digraph such that 
G has a non-trivial abelian normal subgroup. Then r is a directed cycle C" where r = 4 or 
r is prime. 
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COROLLARY 3.5. If r is a connected G-irreducible (G, 3)-arc transitive digraph with G 
soluble then r is a directed cycle Cr where r = 4 or r is prime. 
PROOF. Let N be a non-trivial abelian normal subgroup of G. Since ris G-irreducible, 
N has at most two orbits in Vr. If N is semiregular then, by Theorem 3.3, r = C and r 
must be 4 or prime since r is G-irreducible. Assume then that N is not semiregular. Then, 
as N is abelian, N must have two orbits, say, 8, and 8 2 (by [12, 4.4]). Let a E 8, and 
{3 E Fi (a) S 82, Since N is abelian, N, = N. fixes 8, pointwise and fixes Fi (a) setwise and 
is normal in N. Thus all N, -orbits in 8 2 have length u for a divisor u of the valency of r. 
Similarly, N2 = Np fixes 8 2 pointwise, is normal in N, and has orbits in 8, of length u. 
Further, N, N2 is a non-trivial abelian normal subgroup of G with at least two orbits in vr 
and all orbits of length u. Since r is G-irreducible, N, N2 has exactly two orbits and this 
forces r to be an undirected complete bipartite graph which is a contradiction. This 
completes the proof. 
We note that similar arguments show, for a connected G-irreducible (G, 3)-arc transitive 
digraph r which is not a cycle, that G has a unique minimal normal subgroup N; N is a 
direct power of a non-abelian simple group, has I or 2 orbits and is not semiregular. 
4. THE PRIMITIVE CASE 
Here we consider a (G, s)-arc transitive digraph rwith s ~ 2 such that G is primitive on 
vertices, and we assume that G acts faithfully on vertices. Since G is primitive r must be 
connected (for a connected component would be a block of imprimitivity for G). By 
Theorem 3.1, if G has a regular normal subgroup then r = Cr with r prime. Thus, by the 
O'Nan- Scott Theorem (see [I , 5]), we may assume that G has a unique minimal normal 
subgroup N = Tk for some non-abelian simple group T and some integer k ~ I, and one 
of the following holds: 
(i) the group G is almost simple, that is k = I and T :::; G :::; Aut T; 
(ii) the group G has a simple diagonal action on Vr, that is for a vertex a, N. = D is a 
diagonal subgroup of Tk ; 
(iii) the group G has a product action on vr, that is vr = vm for some m ~ 2 and Gis 
a primitive subgroup of Sym V wr Sm in product action, where m divides k . 
First we show that case (ii) cannot arise. 
LEMMA 4.1. The group G does not have a simple diagonal action on vr. 
PROOF. We may identify (see [1]) Vrwith the set of right cosets of the subgroup N. = D 
in N so that a = D, N acts by right translation, and G. :::; Aut T X Sk> where for a E Aut T, 
x E Sk and Dt = D(t" . .. , tk ) E Vr, (D, t)" = D(tf , . . . , tn and (D, tY = D(t' x-J, 
. .. , tkx - J ). Let {3 = Dt E Fi(a) . Then, translating by t-' = (t,' , . . . , t;; ' ) E N we have 
a E Fi (Dt-'). If ax E G. :::; Aut T X Sk and if ax fixes {3, then {3 = pax = D(tfx- J' . . . , 
t~x- J). It follows that ax also fixes Dt- ' and so G.P is not transitive on Fi'(a);that is, G is 
not transitive on 2-arcs of r. 
Next we consider case (iii) . Here vr = Vi x . . . X Vm = vm and G :::; H wr M = 
(H, x ... x Hm)' M where, for all i, II; ~ H is a primitive subgroup of Sym Vand Mis 
a transitive subgroup of Sm. Moreover, we may assume that G induces M in its action on 
the set {Vi, ... , vm }, and that the stabilizer Gj in G of V; acts as Hi on V; (see [l] or [9]). 
Let Eo = {(a, a)la E V}, 1:'" . . '. , 1:'" with r ~ I, be the orbitals of H in V, that is 
1:'i(a) = {PI (a, {3) E 1:'i} for 0 :::; i :::; r are the orbits of H. in V, and let S = {j = 
Ut , .. . ,im)1 for each i, 0 :::; ii :::; r}. Then M acts on S by permuting co-ordinates in the 
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same way as it acts on the set {V" ... , Vm }. Moreover, for IX = (oc, ... , oc) E Vm , the 
orbits of (H wr M)« in vm are in one-to-one correspondence with the orbits of Min S, 
namely an orbit J of M in S corresponds to the union of 
1:] (IX) = 17;1 (oc) X .. . x 17;Joc) 
over all j = (j" ... , jm) in J, and this orbit is denoted by .!AIX) (see [9, Lemma 2.2]). We 
shall see that ~ (IX) ~ 17;(IX), where J = {j = (j, j, ... , j)} for some j ~ r, and if 
~ (IX) = 17;(IX) then H acts 2-arc transitively on the digraph 17; on V. 
PROPOSITION 4.2. Suppose that G has a product action on Vr. Then with the notation 
above, for IX = (oc, ... , oc) E vr = V m , ~ (IX) ~ 1:](IX) where j = (j, ... , j) for some 
j ~ r. Further, if ~ (IX) = 1:](IX) then 17; is not self-paired and the corresponding digraph is 
(H, 2)-arc transitive. Conversely, if 17; is an (H, 2)-arc transitive digraph with vertex set V, then 
for any m ~ 2 and any transitive subgroup M of Sn, H wr M acts primitively on vm and 2-arc 
transitively on the digraph 1:], where j . = (j, ... ,j). 
PROOF. We have ~(IX), a G«-orbit, contained in some (H wr M)a-orbit 17;(IX). Since N 
is transitive on Vr, G« induces M on the set S and so Ga is transitive on J. Thus ~ (a) 
intersects .!j(IX) non-trivially for eachj in J. Further, for 13 E ~(oc) n 1:] (IX) , GaP is transitive 
on ~ (P), and we have just seen that ~ (13) meets 1:](13) for each j in J. It follows that Ga, is 
transitive on J. However, for g E G«" pg E 1:],(IX), where j'= r, and as pg = p it follows 
that J = {j = (j" .. . ,jm)} has size I. Then as J is an orbit for Ga and G« is transitive on 
{~, ... , Vm} we have j, = ... = jm = j, say. Further, if ~ (IX) = 1:](IX) then ~ 0 
~ (oc) = 1:] 0 1:] (IX) is a single orbit for Ga and hence for (H wr M)« and so 17; 0 17;(oc) is an 
orbit for Ha. (Here ~ 0 ~ (IX) = {y lYE ~ (P) for some p E ~ (IX)}.) Also, as ris directed, 17; 
is a non-self-paired orbital for H in V and so the corresponding digraph is (H, 2)-arc 
transitive. Conversely, if 17; is an (H, 2)-arc transitive digraph on V then for j = (j, . .. ,j), 
1:] is an (H wr M, 2)-arc transitive digraph on vm for any transitive M ~ Sm . 
REMARKS 4.3. It seems likely that H must always act 2-arc transitively on the digraph 
17;. If this were true then, in view of Lemma 4.1 and the O'Nan-Scott Theorem, the group 
H would necessarily be almost simple. Thus the search for non-trivial primitive 2-arc 
transitive digraphs must be centred on almost simple groups. To our knowledge no 
examples of such digraphs are known. The best result we can offer towards proving that 
17; must be (H, 2)-arc transitive is the following. 
COROLLARY 4.4. If G is as in Proposition 4.2 and G is transitive on 3-arcs of r then 17; 
must be an (H, 2)-arc transitive digraph. 
PROOF. If P E ~ (IX) then G«, is transitive on ~ 0 r,(p). Now ~ 0 ~ (P) is a G,-orbit and 
so is contained in 17K(P) for some M-orbit Kin S. By a similar argument to that in the proof 
of Proposition 4.2, K = {k = (k, ... , k)} for some k ~ m. Now, if I' E 17; 0 ~(oc), say 
I' E 17;(15), 15 E 17;(oc), then as Grl = H, there is a (j = (15, 152 , ••• ,15m ) E ~ (IX) and a 
Y = (I', Yh ... , I'm) E ~«(j) so that')' E r o ~(IX) ~ 1:;. (IX). Thus I' E 17k(a) and hence 
17; 0 17; = ' 17k ; that is, H acts 2-arc transitively on ~. Clearly, ~ is not self-paired (else 
17k =.Eo). 
The problem of classifying the primitive 2-arc transitive digraphs is related to the 
long-standing problem ·of determining all primitive groups with a doubly transitive sub-
orbit (see [12, 13.7] [I, Section 9] or [2]). Neither problem is a special case of the other, but 
a primitive group G with a doubly transitive sub-orbit r acts 2-arc transitively on the 
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associated graph r if r is self-paired and G has at most 2 orbits on 2-arcs of the associated 
digraph r if r is not self-paired. This class of groups was investigated in [7] in the light of 
the O'Nan-Scott Theorem. 
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